Abstract. Fix an isogeny class of abelian varieties with commutative endomorphism algebra over a finite field. This isogeny class is determined by a Weil polynomial f A without multiple roots. We give a classification of groups of rational points on varieties from this class in terms of Newton polygons of f A (1 − t).
Introduction
Let A be an abelian variety over a finite field k = F q , and A(k) be a group of rational points on A. Tsfasman [Ts85] classified all possible groups A(k), where A is an elliptic curve (see the English exposition in [TsVN07, 3.3 .15]). Later the same result was independently proved in [Ru87] and [Vo88] using [Sch87] . Xing obtained a similar classification when A is a supersingular simple surface [Xi94] and [Xi96] . In this paper such a description is obtained for the groups A(k) for abelian varieties with commutative endomorphism algebra.
For an abelian group H we denote by H ℓ the ℓ-primary component of H. Let A(k) = ⊕ ℓ A(k) ℓ . We associate to A(k) ℓ a Newton polygon of special type. Let m 1 ≤ m 2 ≤ · · · ≤ m r and H ℓ = ⊕ r i=1 Z/ℓ m i Z be an abelian group of order ℓ m , and d ∈ N. A Newton polygon Np d (H ℓ ) of the group H ℓ is a polygon with endpoints (d − r, 0) and (d, m), and slopes m 1 , . . . , m r . Note that the isomorphism class of H ℓ depends only on Np
we denote by Np (ℓ) (P ) the Newton polygon of P with respect to ℓ. The aim of this article is to prove the following theorem.
Theorem 1. Let A be an abelian variety over a finite field with Weil polynomial f A without multiple roots (i.e. endomorphism algebra End
• (A) is commutative). The group G of order f A (1) is a group of points of some variety in the isogeny class of A if and only if Np (ℓ) (f A (1 − t)) lies on or above A ℓ r be the Tate module, and
is a free Z ℓ -module of rank 2g. The Frobenius automorphism F of A acts on the Tate module by a semisimple linear operator, which we also denote by F :
is a monic polynomial of degree 2g with rational integer coefficients independent of the choice of prime ℓ. It is well known that for isogenous varieties A and B we have f A (t) = f B (t). Moreover, the isogeny class of abelian variety is determined by its characteristic polynomial, that is f A (t) = f B (t) implies that A is isogenous to B [WM69] .
). We say that f : B → A is an ℓ-isogeny if the degree of f is a power of ℓ.
linear embedding commuting with the action of the Frobenius endomorphisms and if T denotes its image then
(1)
Conversely, if T ⊂ T ℓ (A) is a Z ℓ -submodule such that (1) holds, then there exists an abelian variety B over k, and an ℓ-isogeny f :
Proof. The first part is evident. The second part can be proved as follows. First, (1) implies that there exists
is invariant under the action of the Frobenius, and thus defines a subgroup scheme G of A. De78] . In this case we define B = A/(G⊕G l ). It is clear that the abelian variety B is defined over k, and A ∼ = B/G ′ , where G ′ is reduced and
This gives a desires isogeny f : B → A.
3. Newton polygons and rational points. 
Proof. For
By snake lemma we get an exact sequence:
, and proposition follows.
It is well known that Newton polygon lies on or above Hodge polygon of an endomorphism (see for example [Ke08] ). Recall that if ℓ = p, then f A (t) = f 1 (t)f 2 (t), and f 2 (t) ≡ t 2g−d mod p. Thus all slopes of Np (p) (f 2 (1 − t)) are zero, and Np
Corollary 1. Let A be an abelian variety A with Weil polynomial f A . Then
, and these polygons have the same endpoint (2g, ord ℓ (f A (1)). The converse statement is not true. We give a counterexample later. However we have the following result.
Theorem 2. Let A be an abelian variety with Weil polynomial f A and commutative endomorphism algebra End
, then there exists an abelian variety B over k, and an ℓ-isogeny B → A such that B(k) ℓ ∼ = G.
in particular v r+1 = 0. Since the point (n − 1, m(s)) is not higher then Np (ℓ) (f (1 − t)), we have that ℓ m(s) divides a n−1 . Thus u s = a n−1 ℓ m(s) ∈ R, and xv s = ℓ ms (v s+1 − u s+1 ) ∈ ε(T ). Note that 1, x . . . , We are ready to give a classification of all possible groups of rational points on abelian varieties over finite field in the fixed isogeny class.
Proof of theorem 1. The "if" part follows from the Corollary 1. Let us prove the "only if" part. Let ℓ 1 , . . . , ℓ s be a set of prime divisors of f A (1). By Theorem 2 we construct a sequence of isogenies 
The following corollary of Theorem 1 was proved in [Ts85] . Later the same result was independently proved in [Ru87] and [Vo88] using [Sch87] .
This conjecture is proved in [Xi94] for simple abelian surfaces. However there is an example of a group of rational points on an abelian variety A with deg f 1 = 3, such that this group can not be obtained by this construction. Let f (t) = (t 2 − 2t + 9)(t + 3) 2 be a Weil polynomial. Then f (1 − t) = (t 2 + 8)(t − 4) 2 . Let v 1 , v 2 , v 3 , v 4 be a basis of V 2 (A) such that (1 − F )v 1 = 2v 2 , (1 − F )v 2 = −4v 1 , (1 − F )v 3 = 4v 3 and (1 − F )v 4 = 4v 4 . The reader may check that the Tate module generated by v 1 + v 3 , −4v 2 + 4v 3 , v 2 + v 4 , and 4v 1 + 2v 4 corresponds to an abelian surface A with A(F 9 ) 2 = Z/8Z ⊕ Z/16Z.
